We present mid-and far-IR imaging of four famous hypergiant stars: the red supergiants µ Cep and VY CMa, and the warm hypergiants IRC +10420 and ρ Cas. Our 11 to 37 µm SOFIA/FORCAST imaging probes cool dust not detected in visual and near-IR imaging studies. Adaptive optics (AO) 8 -12 µm imaging of µ Cep and IRC +10420 with MMT/MIRAC reveals extended envelopes that are the likely sources of these stars' strong silicate emission features. We find µ Cep's mass-loss rate to have declined by about a factor of 5 over a 13,000 history, ranging from 5 × 10 −6 down to ∼1 × 10 −6 M yr −1 . The morphology of VY CMa indicates a cooler dust component coincident with the highly asymmetric reflection nebulae seen in the visual and near-IR. The lack of cold dust at greater distances around VY CMa indicates its mass-loss history is limited to the last ∼1200 years, with an average rate of 6 × 10 −4 M yr −1 . We find two distinct periods in the mass-loss history of IRC +10420 with a high rate of 2 × 10 −3 M yr −1 until approximately 2000 yr ago, followed by an order of magnitude decrease in the recent past. We interpret this change as evidence of its evolution beyond the RSG stage. Our new infrared photometry of ρ Cas is consistent with emission from the expanding dust shell ejected in its 1946 eruption, with no evidence of newer dust formation from its more recent events.
INTRODUCTION
The fate of massive stars is strongly affected by their mass-loss rates and mass-loss histories. The majority of stars above 9 M will pass through the RSG stage, during which they shed large amounts of mass. Depending on the duration and rate of mass-loss, the total mass shed during the RSG stage can represent a significant fraction of the initial mass of the star and influences its terminal state, whether as a supernova or in post-RSG evolution. However, the mechanism by which RSGs lose mass remains uncertain. For some RSGs and post-RSGs we find evidence of discrete, episodic mass-loss. For example, high resolution optical imaging and spectroscopy of the warm OH/IR post-red supergiant (RSG) IRC +10420 and the peculiar OH/IR M-type supergiant VY CMa have yielded surprising results about their complex circumstellar environments, with evidence for asymmetric ejections and multiple high mass-loss events (Smith et al. 2.1. SOFIA/FORCAST: Far-IR Imaging (11 − 37 µm)
We observed µ Cep, VY CMa, IRC +10420 and ρ Cas with SOFIA/FORCAST during Cycle 2 (OBS ID 02 0031, PI: R.M. Humphreys) . FORCAST is a dualchannel mid-IR imager covering the 5 to 40 µm range. Each channel uses a 256 × 256 pixel blocked-impurityband (BiB) array and provides a distortion-corrected 3. 2 × 3. 2 field of view with a scale of 0. 768 pixel −1 . FOR-CAST achieves near-diffraction limited imaging, with a point-spread function (PSF) full-width-at-half-maximum (FWHM) of ∼ 3. 7 in the longest filters. The images were obtained in single-beam mode to maximize throughput for detecting faint extended emission. The observations were made in standard two-position chop-andnod mode with the direction of the nod matching the direction of the chop. The data were reduced by the staff of the SOFIA Science Center using the FORCAST Redux v1.0.1 pipeline. After correction for bad pixels and droop effects, the pipeline removed sky and telescope background emission by first subtracting chopped image pairs and then subtracting nodded image pairs. The resulting positive images are aligned and merged. The details of the FORCAST pipeline are discussed in the Guest Investigator Handbook for FORCAST Data Products, Rev. A2.
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Bright point sources cause cross-talk in the horizontal direction on the FORCAST array. To mitigate this effect, chop angles were selected so that the cross-talk pattern from one chop position did not overlap with the other chop position. Additionally, the FORCAST pipeline applies a correction that reduces the effect, although some of the pattern remains for some targets. The effect is most noticeable for the two brightest targets, VY CMa and IRC +10420; it is less for µ Cep and is not present in the images of ρ Cas. For VY CMa and IRC +10420 we avoid the array horizontal direction when examining the images for evidence of extended emission. For µ Cep where the effect is less apparent, we have marked on the images where the faint pattern is present. Calibrator star observations from each flight were obtained from the SOFIA Science Archive for comparison. We display the calibrators observed on the same flight as our science targets and in the same filter with the fourposition slide in either the mirror position (for the short wavelength channel) or the open position (for the long wavelength channel). In some instances the merging of the two chop beams by the FORCAST data reduction pipeline imparted an extended shape to the calibrator star that is not present in at least one or sometimes both of the two individual pre-merge images of the calibrator star. When this effect was apparent we have displayed one of the pre-merge images for comparison. This blurring effect during this merging of the two chop beams does not appear to have occurred in our final merged science images, for which we compared each of the premerge images to the merged image as well. In particular, the extended shapes of both VY CMa and IRC +10420 discussed below are not an effect of the merging step since the extended shape is clearly seen in the individual chop beams.
The FORCAST pipeline coadds the merged images. To determine a 1-σ uncertainty in our quoted fluxes, for each of our targets we computed the standard deviation of the mean of fluxes extracted from the merged images prior to coadding. For the fluxes of the bright targets µ Cep, VY CMa and IRC +10420, the fractional variation in total ADUs in each filter is negligible compared to the 6% uncertainty in the flux calibration per the GI Handbook §4.1 (Herter et al. 2013) . Therefore for those targets we adopt 6% as the 1-σ uncertainty. For ρ Cas the fractional variations are between 1 − 6% and are added in quadrature with the 6% uncertainty from the flux calibration to be the 1-σ uncertainty. The bandpasses of the selected FORCAST filters are such that only small color corrections are required. Based on the mostly λF λ ∝ λ −3 spectral shapes of our targets in the relevant range, we have applied small color corrections 8 of 1.004, 1.071, 1.004, 1.044, 1.025, and 1.025 to fluxes extracted from the F111, F197, F253, F315, F348 and F371 images respectively. The FORCAST observations are summarized in Table 1. 2.2. MIRAC3/4: Adaptive Optics Mid-IR Imaging (8 − 12 µm) Three of our SOFIA targets were also observed at high angular resolution in the 8 − 12 µm range using the MIRAC3/4 cameras on the 6.5-m MMT (Hoffmann et al. 1998; Hinz et al. 2000) . Biller et al. 2005 ). MIRAC3 and MIRAC4 employed Si:As arrays with 128 × 128 and 256 × 256 pixels respectively. Observations were made with a standard chop-and nod sequence to remove IR background emission. Cross-talk in the array electronics introduced faint artifacts in the horizontal and vertical directions that were not completely removed by chop-and-nod subtraction. For the MIRAC4 images the horizontal cross-talk is mitigated during the data reduction with a code written by M. Marengo (Skemer et al. 2008) . Extension in directions other than array vertical and horizontal are not affected by cross-talk. The PSF-subtracted images of µ Cep presented here are reproduced from Schuster (2007) , while the images of IRC +10420 are previously unpublished. The additional RSG targets RW Cep, RW Cyg and BD +24 3902 resemble IRC +10420 with a similar extended appearance that is azimuthally symmetric, while ρ Cas and W Per are pointlike with no noticeable extension compared to the PSF stars. S Per is extended at 8.9 and 9.8 micron with an elliptical envelope oriented in a NNE-SSW direction similar to extension seen in the HST visual images (Schuster et al. 2006) . T Per is marginally extended at 11.9 µm. Flux calibration for the 9.8 and 11.7 µm images of µ Cep was done using observations of the PSF standard γ Dra taken immediately afterward, with an estimated uncertainty of 10% in the calibration. Flux calibration of the ρ Cas observations was done using the standard stars β And, α Aur and β Peg, with an estimated uncertainty of 10% as well. The MIRAC observations are summarized in Table 2 .
2.3. Herschel/PACS We also include in our analysis the publicly available 70 & 160 µm observations of µ Cep, VY CMa and IRC +10420 made with Herschel /PACS as part of the Herschel key program MESS (M ass-loss of Evolved StarS, Groenewegen et al. 2011) .
9 The width of the PACS bandpasses require color corrections be applied to the 70 & 160 µm photometry taken from the images. To compute the necessary corrections we convolve the PACS "blue" (70 µm) and "red" (160 µm) response functions 10 with each target's ISO LWS (Clegg et al. 1996) spectrum. For the blue bandpass we use the LWS spectrum itself; for the red bandpass we represent the target's SED as a power law of the form F ν ∝ ν β since the LWS spectrum does not cover the full red bandpass. At 70 and 160 µm respectively we compute and apply corrections of: 1.045 and 1.064 for µ Cep; 1.031 and 1.099 for VY CMa; 1.002 and 1.080 for IRC +10420.
RESULTS & DISCUSSION

Method for Estimating Mass-Loss Rates
We compute mass-loss rates for the resolved targets µ Cep, VY CMa and IRC +10420 using the DUSTY radiative transfer code (Ivezic & Elitzur 1997) to model the stars' spectral energy distributions (SEDs) and azimuthal average intensity profiles at one or more wavelengths. DUSTY solves the radiative transfer equation for a spherically symmetric dust distribution around a central source. The user specifies the spectrum of the illuminating source, the optical properties and size distribution of the dust grains, the dust temperature at radius r 1 (the inner boundary of the shell), a functional form 10 http://herschel.esac.esa.int/twiki/pub/Public/Pacs CalibrationWeb/cc report v1.pdf for the radial profile of the dust density ρ(r) throughout the shell from inner radius r 1 to outer radius r 2 , and the total optical depth at a chosen wavelength for a line of sight through the shell directly to the central source. For a given set of these inputs, DUSTY outputs a model SED and a radial profile of the intensity of the shell at desired wavelengths.
Assuming spherical symmetry is a simplification that cannot capture the full 3-D spatial distribution of asymmetric circumstellar ejecta, which is known to be particularly complex in the optical and near-infrared in the cases of VY CMa (Smith et al. 2001; Humphreys et al. 2005 Humphreys et al. , 2007 Shenoy et al. 2013 ) and IRC +10420 (Humphreys et al. 1997; Tiffany et al. 2010; Shenoy et al. 2015) . The effect of asymmetry is less influential at lower optical depths, which is the case for µ Cep (see §3.2.2 below). The advantage gained by the use of a radiative transfer code such as DUSTY is a relatively consistent treatment across our targets, allowing for comparison of the results for similar assumptions about the dust responsible for their infrared SEDs and intensity profiles.
For a fitted model's optical depth τ λ , the grain opacity κ λ specifies the dust mass density ρ(r) in g cm
throughout the shell. If the expansion velocity is constant throughout the shell, the mass-loss rate at a time t in the past is the rate at which gas and dust pass radius r = v exp · t. This may be written asṀ (t) = g d · 4πr
2 · ρ(r) · v exp where g d is the gas-to-dust mass ratio, which we assume to be 100:1.
11 For this constant expansion velocity case, a model with density distribution ρ(r) ∝ r −q with power law index q < 2 indicates a gradual decline in the mass-loss rate over the dynamical age of the shell.
If the expansion velocity has not been constant at all times throughout the shell, we compute an average massloss rate. We multiply the density distribution ρ(r) by the same assumed 100:1 gas-to-dust mass ratio and integrate to compute M , the total mass of gas and dust in the shell. We assume an average expansion velocity to 11 The gas-to-dust mass ratios assumed or derived for these targets typically range from 100:1 (e.g., Knapp et al. 1993; Verhoelst et al. 2009 ) to 200:1 (e.g., Mauron & Josselin 2011; Cox et al. 2012; Oudmaijer et al. 1996) . a The bandwidths of the MIRAC3 8.8, 9.8 and 11.7 µm filters are ∆λ = 0.88, 0.98 and 1.12 µm respectively. The bandwidths of the MIRAC4 8.9, 9.8 and 11.9 filters are ∆λ = 1.22, 0.91, and 1.14 µm respectively. b The extended shape apparent after PSF subtraction is azimuthally symmetric, resembling that of IRC +10420 in Figure 9 (bottom row).
compute the dynamical age of the shell ∆t = r 2 / v exp where r 2 is the outer radius of the shell for the model. The average mass loss rate is then Ṁ = M / ∆t. The particular choices for grain type, size distribution, shell radii and dust density distribution are discussed in the sections specific to each target below, as well as the limitations on assuming a single average expansion velocity in the cases of VY CMa and IRC +10420. The Ṁ values determined for µ Cep, VY CMa and IRC +10420 are summarized in Table 3 .
The combination of adaptive optics mid-IR imaging with MIRAC3 and wide-field far-IR imaging with SOFIA/FORCAST allow us to probe µ Cep's circumstellar environment over a broad time-scale. We first consider its close environment. HST /WFPC2 images found no evidence of scattered light within 0. 1 − 0. 2 of the star (Schuster et al. 2006 ). De Wit et al. (2008) obtained ground-based diffraction-limited (0. 6) 24.5 µm images of µ Cep over multiple nights with COMICS on the 8.2 m Subaru telescope. They detected a roughly spherical circumstellar nebula out to a radius of at least 6 with an asymmetric bipolar-type geometry extending to a radius of 2. 2 from the star, oriented roughly NNE−SW (see their Fig. 2 ). In Figure 1 we display PSFsubtracted 8 − 12 µm MIRAC3 images reproduced from Schuster (2007) . These images probe the sub-arcsecond scale closer to the star, within the region masked out in de Wit et. al's PSF-subtracted 24.5 µm image. Schuster found an extended envelope around the star in all three filters. The envelope has a position angle of ∼ 105
• East of North, which is roughly perpendicular to the 24.5 µm bipolar-type nebula. As Schuster noted, this envelope is the likely source of µ Cep's 10 µm silicate emission feature.
On the arcminute scale, we can trace µ Cep's earlier mass loss detected in cooler dust.
Our SOFIA/FORCAST images in Figure 2 show extended emission out to a radius of 20 around the star, with a particularly noticeable extension to the East out to about 25 . This extension is in the same direction as the larger nebula around µ Cep seen in the Herschel PACS images at 70 and 160 µm presented by Cox et al. (2012) . In Figure 3 we overlay contours from our 37.1 µm FOR-CAST image on the 70 µm image, in which the nebula extends out to about 1. 5 to the southeast. Cox et al.
analyzed this nebula as a bow-shock caused by µ Cep's stellar wind interacting with the ISM. Given the traditional assignment of µ Cep to membership in the Cep OB2 association (Humphreys 1978) , an alternate possibility is that its wind may be shaped by the UV flux from nearby OB stars, as for example is the case with the bean-shaped circumstellar nebula of NML Cyg (Schuster et al. 2009 ). However, de Zeeuw et al. 's (1999) analysis of Hipparcos proper motions in the region containing Cep OB2 excluded µ Cep from membership in the association. The extent of the nebula indicates that µ Cep has lost mass over at least the past several thousand years.
Mass-Loss Rate
We combine our SOFIA/FORCAST 37.1 image with DUSTY models in order to compute µ Cep's mass-loss rate. For the stellar spectrum we use a Castelli & Kurucz (2004) ATLAS9 model stellar atmosphere with T = 3750 K and surface gravity log g = 0 appropriate for a red supergiant. We adopt an inner shell boundary dust temperature of 1000 K, a commonly assumed sublimation temperature for silicate grains. We assume that the outer radius of the dust shell is a factor of 10 3 larger than the inner radius. This temperature and size produce a shell extending out to approximately 2 , consistent with the extent of the nebula seen in the PACS 70 µm image. We explored DUSTY models that (1) reproduce µ Cep's observed spectral energy distribution (SED) and (2) predict an average intensity profile at 37.1 µm that follows the observed profile when convolved with the FORCAST PSF. For fitting µ Cep's SED in Figure 4 we combine visual & near-IR photometry from Lee (1970) and Heske (1990) , which we de-redden assuming an interstellar extinction of A V = 2.0 (Neckel et al. 1980; Levesque et al. 2005; Rowles & Froebrich 2009 ). We also plot the ISO SWS (de Graauw et al. 1996 ) spectrum (Justtanont et al. (1997) , Obs ID 08001274) and ISO LWS spectrum (Obs ID 22002005, PI: M. Barlow). For convolving the DUSTY model intensity profile in order to compare it to the observed average 37.1 µm profile we construct a convolution kernel from observations of the asteroid Juno taken on subsequent FORCAST flights during the same flight series. This kernel better captures the wings of the FORCAST PSF at 37.1 micron than the observations of standard star σ Lib, due to the asteroid's higher flux in the far-IR. This helps ensure that we do not unnecessarily attribute the broad observed profile of µ Cep to enhanced mass-loss merely through underestimating the light profile of the star.
For the dust optical properties we use the "warm" circumstellar silicates from Ossenkopf et al. (1992) , and assume the grain radii follow an MRN size distribution n(a) ∝ a −3.5 da (Mathis et al. 1977 ) with a min = 0.005 µm and a max = 0.25 µm. We assume a power law dust mass density distribution ρ(r) ∝ r −q with a single index q throughout the shell. We scale model SEDs to match µ Cep's dereddened visual flux, adjusting the optical depth to achieve a satisfactory fit to the SED across the mid-to-far IR range while also reproducing the observed average intensity profile at 37.1 µm. We explored a range of optical depths and a range of power law indices q ≤ 2. A power law index of q = 2 fits the SED very well through λ ≈ 12 µm, but produces insufficient cooler dust to explain the long wavelength end of the observed SED (see Figure 4 , blue dashed line). Moreover, the q = 2 case fails to adequately reproduce the broad radial profile of the 37.1 micron intensity image (see Figure 5 , blue dashed line). We find that a density distribution of ρ(r) ∝ r −1.8 provides both a much better fit to the far-IR SED and the observed radial profile of the intensity (red solid lines in Figures 4 & 5) .
Adopting an expansion velocity of v exp = 35 km s −1 from the width of its CO lines (De Beck et al. 2010 ) yields a dynamical age of 13,000 yr for this shell model. If we assume this velocity is constant throughout the shell, then per §3.1 above for this best-fit case with density power law index q = 1.8 the mass-loss rateṀ (t) has decreased from 5 × 10 −6 M yr −1 to ∼ 1 × 10 −6 M yr −1 over this time period. Alternately, if we simply integrate the density distribution throughout the shell to compute a total mass and divide by this age for the shell, we obtain an average mass-loss rate of Ṁ ≈ 4 × 10 −6 M yr −1 . This rate exceeds the 9 × 10 −7 M yr −1 found from its IRAS 60 µm excess (Jura & Kleinmann 1990a) , and the 4.5 × 10 −7 M yr −1 found by de Wit et al. (2008), though it is in good agreement with the 2 × 10 −6 M yr −1 found by De Beck et al. from modeling its CO line emission. Our rate is about half that of the 10 −5 M yr −1 found by Gehrz & Woolf (1971) based on modeling its 11 µm emission, with the difference most likely attributable to our model using a gas-to-dust ratio that is 40% of the value used in that work and/or differences in the grain opacity used. In general all investigations of µ Cep's mass-loss rate using various methods have found it is lower than average compared to other high-luminosity RSGs (see e.g., Figure 3 of Mauron & Josselin 2011).
VY CMa
Multi-wavelength HST visual imaging of the red hypergiant VY CMa has revealed extensive, asymmetric mass-loss within the past 500 -1000 years, dominated by multiple spatially and kinematically distinct features, indicating independent ejection events from highly localized regions of the star (Smith et al. 2001; Humphreys et al. 2005 Humphreys et al. , 2007 . Three of the most prominent ejections, the Northwest Arc, Arc 1 and Arc 2 (see Figures 1 − 4 of Humphreys et al. 2007 ), each contain roughly 3 × 10 −3 M of gas and dust, which accounts for about 10% of the total ejected mass of 0.2 − 0.4 M in the nebula out to a radius of 6 . At the same time, Keck/HIRES spectra showed that the more diffuse uniformly distributed gas and dust is surprisingly stationary, with little or no velocity relative to the star. On this basis Humphreys et al. (2005) argued that the high mass loss rate of ∼10 −4 M previously found for VY CMa is an average measure of the mass carried out by these specific ejections accompanied by streams or flows of gas through low-density regions in the dust envelope. The unusually diverse molecular chemistry of VY CMa's circumstellar envelope appears to be directly related to this history of independent, localized ejections, with certain species of molecules associated with the distinct blue-shifted and red-shifted features in the ejecta (Ziurys et al. 2007; De Beck et al. 2015) . The star's recent history continues to show strong, discrete mass loss events. High resolution near-IR imaging and polarimetry found the more recently ejected "Southwest Clump" feature (∼ 1. 5 from the star) to be optically thick to scattering out to 5 µm with a total mass (gas + dust) of at least 5 × 10 −3 M (Shenoy et al. 2013 (Shenoy et al. , 2015 . Most recently, ALMA submillimeter observations resolved prominent dust components even closer to the star, with the brightest component (dubbed component "C") having a total mass of gas and dust of at least 2.5 × 10 et al. 2015) . VY CMa's appearance in the SOFIA/FORCAST images ( Figure 6 ) is broader than a point-source, although in contrast to µ Cep we find no evidence of a long history of mass loss. Interestingly, the appearance of the FORCAST image follows the general shape seen in the visual. In Figure 7 we show intensity contours from the FORCAST 37.1 µm image overlaid on the HST visual image from Smith et al. (2001) . The FORCAST images are extended towards the northwest and southwest in the same directions as the prominent Northwest Arc and Arc 1 seen in the scattered visual light, which were ejected ∼ 400 and 900 yr ago respectively. The NW Arc and Arc 1 are expanding at 40 and 50 km s relative to the star, into uniformly distributed gas and dust that is either stationary or only slowly expanding away (Humphreys et al. 2005) . The extension of the longer wavelength FORCAST images in the same directions may indicate that cooler dust lost earlier is being swept up by these more recent, fast moving ejections. The 37.1 µm image is extended in the east and northeast directions as well, in the direction of a dark cloud where the extinction is especially high and is responsible for its asymmetric shape in the visual (see Figure 9 of Smith et al. 2001; Montez et al. 2015) . Thermal emission at 37.1 µm is able to penetrate this obscuring dust.
We estimate VY CMa's mass-loss rate with an elementary DUSTY model. Given VY CMa's highly asymmetric nebula seen in the optical and near-IR, the assumption of spherical symmetry is obviously a simplification. Previous studies have applied radiative transfer models that include a circumstellar disk and a variety of viewing angles, and/or a range of mineralogies for the dust, with a thorough exploration presented in Harwit et al. (2001) . At the resolution of our FORCAST images, however, spherical symmetry is an acceptable assumption that should provide an accurate average mass-loss rate. As seen in Figure 8 , VY CMa's SED is highly reddened. The interstellar reddening towards it is estimated at no more than A V = 1.5, the value we have used to de-redden the optical and near-IR photometry (open triangles). It is thus clear that the very red energy distribution is mostly due to circumstellar extinction (see also Appendix of Humphreys et al. 2007) . For our DUSTY model we use an ATLAS9 stellar atmosphere with T = 3500 K (Wittkowski et al. 2012) . We find that we cannot fit the FORCAST and PACS fluxes with any model using silicate grains alone. We are able to fit the long-wavelength end of its spectrum if we assume a grain mixture that is 50-50 silicates and metallic Fe, with the same iron optical constants used by Harwit et al. (2001) . We use a grain size distribution ∝ a −3.5 , though we find that to account for the broad, rising spectrum beyond the near-IR we require large grains capable of scattering in the 2 − 5 µm range. We use an upper-end grain radius of a max = 5 µm. Increasing the maximum grain radius from the submicron scale has minimal impact on our computed mass-loss rate since the dominant contribution to the opacity comes from the smallest grains in the distribution. We first attempted to fit the SED assuming a constant mass-loss rate density distribution of ρ(r) ∝ r −2 but found it inadequate to explain the far-IR flux. Our best-fit model displayed in Figure 8 assumes ρ(r) ∝ r −1.5 throughout a shell with an outer radius of 10 . Although it underpredicts the visual fluxes and strength of the 3 − 8 µm region relative to the 10 µm silicate feature, our model fits reasonably well to the JHK range where the effect of ISM reddening is the least uncertain and provides a very good fit to the FORCAST and PACS fluxes.
For this best-fit model the optical depth τ (37.1 µm) = 0.17. Assuming a 100:1 gas-to-dust mass ratio, we compute a total mass of 0.7 M in the nebula. To determine the average mass-loss rate, we estimate the age of the 10 radius model shell using a constant expansion velocity. Assuming a constant expansion velocity is an approximation, since the Keck/HIRES spectra showed that a single uniform expansion velocity is not found throughout the nebula (Humphreys et al. 2005) . That work found the large arcs to the northwest and southwest expanding at 40 − 50 km s −1 , while the more uniformly distributed gas showed little or no motion. Very close to the star (< 0. 4), the proper motion of H 2 O masers indicates an expansion velocity of 27 km s −1 based on the widths of CO lines in the circumstellar envelope. We adopt this last value as an average velocity, since CO molecules are found throughout the circumstellar envelope. This yields an age of ∆t = 1200 yr for the 10 radius model shell. The resulting average mass-loss rate is Ṁ tot ≈ 6 × 10 −4 M yr −1 . Since this is an average rate, it does not capture the higher shortterm rates on the order of 10 −3 M yr −1 associated with the NW Arc and Arcs 1 and 2 (Humphreys et al. 2005) . Our average rate is within the same range of several × 10 −4 M yr −1 found by previous studies (Danchi et al. 1994; Knapp 1985; De Beck et al. 2010 ). −5 L , its A-F type spectrum and extensive visible ejecta make it a special example of post-RSG evolution (Humphreys et al. 2002) . Jones et al. (1993) used visual polarimetry to determine that most of the extinction towards IRC +10420 is interstellar; combining the polarimetry with the reddening of its optical SED and radial velocity they established a distance of ∼5 kpc. HST visual imaging reveal a very complex multi-stage mass loss history, with one or more re- flection shells at 5 −6 that were probably ejected during the star's previous RSG stage (Humphreys et al. 1997) , while the near environment within a radius of 2 shows many jet-like structures, rays and arcs in the ejecta. (Harwit et al. 2001 ) and the ISO-LWS spectrum (Polehampton et al. 2010) . The black circles are the color-corrected fluxes measured from the SOFIA/FORCAST observations using an aperture of radius = 12 . The 6% uncertainty from the flux calibration is smaller than the plotted symbol. The black squares at 70 and 160 µm are the colorcorrected fluxes from the PACS images. The red solid line is the DUSTY model fitted to the SED, yielding an average mass-loss rate of Ṁ ≈ 6 × 10 −4 M yr −1 .
past 400 years that has recently ceased. Second epoch HST /WFPC2 imaging combined with HST /STIS longslit spectroscopy showed that the many numerous arcs, knots and condensations in the inner region were ejected at different times in different directions, but were all nearly in the plane of the sky (Tiffany et al. 2010 ). Thus we view IRC +10420 nearly pole-on. This geometry has been confirmed by interferometry of Brγ emission from neutral and ionized gas around the star (Oudmaijer & de Wit 2013) and by high-resolution adaptive optics 2.2 µm imaging polarimetry (Shenoy et al. 2015) . IRC +10420 has one of the strongest 10 µm silicate emission features among the hypergiants. With MIRAC4 we can probe the sub-arcsecond scales where this emission originates. In Figure 9 we show the MIRAC4 8.7, 9.8 and 11.9 µm images of IRC +10420 along with comparisons to the PSF star α Her. Subtraction of the PSF leaves circularly symmetric extended emission out to a radius of ∼ 1. 5 in all three filters. The extended emission does not show the NE-SW preference previously seen at the same wavelengths with similar resolution in Humphreys et al. (1997) and Meixner et al. (1999) . It is likely that some of the strong 10 µm silicate emission arises from this extended envelope.
Farther from the star, the HST visual images showed the ejecta separated into distinct, approximately spherical shells at 5 − 6 from the star. The long-exposure HST F675W image also showed evidence of more distant ejecta as much as 8 − 9 away (see Figure 5 of Tiffany et al. 2010) , which is also seen in the near-IR in J-band polarimetry (Kastner & Weintraub 1995) . Our FORCAST images in Figure 10 probe a similar angular extent in radius, with emission in the longest filters detected out to a radius of ∼10 . The HST visual observations showed a pronounced enhancement of the massloss towards the southwest of the star. This morphology is seen in our FORCAST images as well, as shown in Figure 11 where we overlay the FORCAST 37.1 µm intensity contours on the HST visual image from Tiffany et al. (2010) . Sub-millimeter observations find extension in the same direction as well (Dinh-V.-Trung et al. 2009 ).
To explore IRC +10420's mass-loss history we use DUSTY to model its SED, requiring the models to account for the substantial extended emission seen in the 11.9 µm MIRAC4 image out to a radius of ∼2 . To build its SED, in Figure 12 we compile photometry from the optical through L (3.8 µm) from Jones et al. (1993) , Oudmaijer et al. (1996) and Humphreys et al. (2002) , which we de-redden assuming A V = 6. For the mid-tofar IR we include color-corrected fluxes from the IRAS and MSX Point Source catalogs as well as the ISO SWS spectrum (Obs ID 12801311) as processed by Sloan et al. (2003) and the ISO LWS spectrum from Lloyd et al. (2003) (Obs ID 72400605) . To this we add the photometry from our SOFIA/FORCAST images and the Herschel /PACS images.
12 The conventional stellar effective temperature is ill-defined for IRC +10420 (Humphreys et al. 2002) , though a value between 8000 − 8500 K is likely (see e.g., Klochkova et al. 1997) . We therefore use a Castelli & Kurucz (2004) ATLAS9 model stellar atmosphere with T = 8250 K. We find that to reproduce the broad, flat spectrum observed in the ∼ 2 − 7 µm range we require the dust temperature at the inner radius of the shell be no hotter than 800 K; a hotter dust condensation temperature cannot account for this portion of the SED. We therefore adopt 800 K and again assume the dust to be the circumstellar silicates from Ossenkopf et al. (1992) . We do not attempt to reproduce the exact shape of IRC +10420's wide, flat-topped 10 µm silicate feature seen in the ISO SWS spectrum. A flattened profile can indicate large grains with diameters approaching the micron size range (e.g., van Boekel et al. 2005) , or self-absorption due to the optical depth approaching unity at this wavelength. IRC +10420's complex ejecta may combine regions of silicate emission and (self) absorption which are not captured by the assumption of spherical symmetry.
We first attempt to fit IRC +10420 with a constant mass-loss rate density distribution ρ(r) ∝ r −2 for a shell extending out to ∼10 . Such a model is unable to account for the observed radial intensity profile out to ∼2 at 11.9 µm, in addition to failing to fit the SED beyond 12 µm. Previous studies applying radiative transfer models to IRC +10420 (Oudmaijer et al. 1996; Blöcker et al. 1999; Lipman et al. 2000) have similarly considered and rejected a constant mass-loss rate. We find that to fit the inner 2 profile at 11.9 µm requires a shallower slope to the density distribution. We obtain a good fit to this profile with a single density power law index of q = 1.4 throughout the shell. However, even with the shallower slope this still fails to produce sufficient flux in the FORCAST range and beyond. The total energy re-radiated in that range indicates there is a substantial amount of dust with temperatures of approximately 100 − 150 K. To account for this cooler component to our model, we introduce a factor of 5 enhancement in the dust density around the star at a radius of ∼3 . This piece-wise density profile is depicted in Figure 13b with a red solid line. The actual distribution of cooler dust around the star is likely more complex than just a single second shell at this radius. We choose to use a single 12 The good agreement between the trend of our FORCAST photometry and the start of the LWS spectrum indicate that the discontinuity between the end of the SWS spectrum and the start of the LWS spectrum is an artifact of the (Sloan et al. 2003) reprocessing of the SWS spectrum, as previously noted by Ladjal et al. (2010) . enhancement as the simplest way to explain the SED in the FORCAST range rather than attempting to introduce multiple shells. The resulting fits to the SED and 11.9 µm intensity profile are depicted with red solid lines in Figures 12 and 13a respectively.
The duration of the mass-loss period attributed to the formation of the ejecta for this best-fit model depends on the expansion velocity adopted. As with VY CMa, assuming a single expansion velocity is a simplification in the case of IRC +10420 since the expansion velocity varies throughout its envelope. In particular, HST /STIS long-slit spectroscopy by Humphreys et al. (2002) demonstrated the H gas within 2 is expanding at 50 − 60 km s −1 in a roughly spherical arrangement, while other spectral lines indicated a combination of outflow and infall of material at different velocities. With this caveat in mind, we adopt as an average expansion velocity the value of 40 km s −1 determined from CO line widths (Oudmaijer et al. 1996; De Beck et al. 2010) , which yields an age ∆t = 6000 yr for the 10 radius model shell. We integrate each of the two parts of the density profile in Figure 13b with our assumed 100:1 gas-to-dust mass ratio, finding masses of 7.1 and 0.2 M respectively in the outer and inner parts. The resulting average massloss rates are Ṁ ≈ 2 × 10 −3 M yr −1 for the period from 6000 until about 2000 yr ago, with a lower rate of ∼ 1 × 10 −4 M yr −1 within the past 2000 yr. These rates are indicated on Figure 13b for the two periods, with time plotted on the top axis. Exactly when the transition from a higher to a lower rate took place is admittedly somewhat uncertain; our introduction of a single, steep density enhancement 2000 yr ago is only an approximation to what was likely a more gradual transition. It is clear however that some substantial change in the rate of mass loss has occurred in the past several thousand years, since a single shell density profile that adequately accounts for the inner 2 cannot explain the large excess flux in the FORCAST range (see blue-dashed line in Figure 12 ). This supports the view that IRC +10420 is a post-RSG hypergiant which shed considerable mass during its previous stage as an RSG and will continue to evolve rapidly blueward across the upper HR Diagram. For comparison, we note that our higher mass-loss rate for the outer ejecta is within a factor of 2 of the rate of 3.6 × 10 −3 M yr −1 found by De Beck et al. (2010) from modeling of multiple CO lines.
ρ Cas
The yellow hypergiant ρ Cas is famous for its historical and recent "shell" episodes in 1946, 1985 , and 2000 during which it temporarily develops TiO bands in a cool, optically thick wind, after which it returns to its F supergiant spectrum (Popper 1947; Bidelman & McKellar 1957) . During the 2000 event it shed mass at a high Oudmaijer et al. (1996) , Humphreys et al. (2002) and the IRAS and MSX Point Source Catalogs (with color correction). The thin grey lines are the ISO SWS and LWS spectra. The black circles are the color-corrected fluxes measured from the SOFIA/FORCAST observations using an aperture of radius = 10 . The assumed 6% uncertainty from the flux calibration is smaller than the plotted symbol. The black squares at 70 and 160 µm are the color-corrected fluxes from the Herschel/PACS images. The blue dashed line is a DUSTY model for a density distribution ρ(r) ∝ r −1.4 throughout the shell, which adequately fits the SED through ∼ 12 µm but falls off too rapidly at longer wavelengths. The red solid line is the best-fit model, constructed using the same power-law index but with a density enhancement as depicted in the next figure. rate of 3 × 10 −2 M for ∼ 200 days (Lobel et al. 2003 ). The 1946 event was accompanied by a dimming in photographic magnitude of ∆m ≈ 1.5 for several months (Beardsley 1961), believed to be associated with a burst of ejected material. With its spectroscopic and photometric variability, and enhanced abundances, ρ Cas is considered to be a post-RSG like IRC +10420. However, it is not a known strong infrared or maser source and HST images also did not reveal any extended ejecta (Schuster et al. 2006) . Near-IR ground-based photometry from 2.2 − 12.6 µm obtained between 1969 − 1973 did not show any evidence of infrared excess above the photospheric level (Gillett et al. 1970; Hackwell & Gehrz 1974 ). Subsequently, Jura & Kleinmann (1990b) analyzed IRAS observations taken in 1983 and found a measurable infrared excess above the photospheric level in the 12, 25 and 60 µm bands. Even after color-correction to account for the broad bandpasses of the IRAS filters the excess flux was twice that of the photospheric level at 12 and 25 µm. They modeled this IR excess as flux from an optically thin shell of dust, presumed to have condensed between 1973 and 1983 as a result of the 1946 ejection. Their fit to the IRAS 12, 25 and 60 µm fluxes indicated a dust temperature of 600 K for an assumed emissivity ∝ λ −0.5 , corresponding to a shell radius of 270 AU.
We examine the time evolution of this shell model in comparison with photometry from our FORCAST images (Figure 14) , evolving the shell to predict its flux in 2014. The fraction of the star's luminosity absorbed and re-radiated by the shell (the absorption optical depth) decreases as 1 / r 2 as it expands, since the solid angle subtended by each grain at the star decreases by this factor. The shell's bolometric flux in 2014 is therefore determined by scaling its flux in 1983: bol,1983 . The peak of the shell's λF λ spectrum would have moved to about 10 µm due to cooling of the grains to ∼ 310 K, as their distance from the star increased. On the spectral energy distribution of ρ Cas in Figure 15 the blue-dashed line is the sum of the shell's 1983 SED (thin solid blue line) and pre-IRAS photosphere (thin black line). The red dashed-line line is the sum of the same photosphere and the predicted flux of the dust shell in 2014 (thin solid red line). The 2014 observed FORCAST 19.7 − 37.1 µm fluxes are plotted in Figure 15 (red points). We also plot additional photometry taken within several years prior to the FORCAST observations: 8.9 and 9.8 µm fluxes from our MIRAC4 images in 2006; color-corrected 9 and 18 µm fluxes recorded by the AKARI satellite survey in 2007; and color-corrected fluxes at 12 and 22 µm fluxes recorded by WISE in 2010. The predicted total flux in 2014 is generally consistent with the observed fluxes through ∼25 µm, though it is slightly higher than the observed flux from 25 to 40 µm. Overall the new photometry is consistent with emission from the expanding dust shell ejected in its 1946 eruption, with no evidence of newer dust formation from its more recent eruptions. Future follow-up observations would be worthwhile to see if any new excess is found in the coming decades.
SUMMARY & CONCLUSIONS
µ Cep: We present adaptive optics (AO) diffractionlimited 8 − 12 µm MMT/MIRAC3 images which reveal a circumstellar envelope extending approximately EastWest out to ∼ 0. 5 (several tens of stellar radii). This envelope is the likely source of the 10 µm silicate feature in µ Cep's SED. Our SOFIA/FORCAST far-IR imaging of µ Cep shows extended emission from 25 − 37 µm out to ∼ 20 around the star, with further extension to ∼ 25 to the East in the same direction as the extensive nebula previously revealed in Herschel PACS 70 & 160 µm images (Cox et al. 2012) .
DUSTY radiative transfer modeling of the 37.1 µm profile and the SED indicate an average mass-loss rate of 4 × 10 −6 M yr −1 , with evidence for a slow decline in mass-loss rate over the 13,000 yr dynamical age of its shell. The range of mass-loss rates is consistent with previous studies finding µ Cep's rate is significantly lower than RSGs of comparable luminosity.
VY CMa: SOFIA/FORCAST images from 19.7 − 37.1 µm display a morphology which coincides with the general shape of the highly asymmetric nebulae seen in the visual, suggesting thermal emission from dust associated with the expanding arcs to the northwest and southwest. Our best-fit DUSTY model indicates an average massloss rate of 6 × 10 −4 M yr −1 . IRC +10420 : We present adaptive optics (AO) diffraction-limited 8 − 12 µm MMT/MIRAC4 images which reveal spatially extended, circularly sym- metric emission out to a radius of ∼ 2 . As with VY CMa, the extended shape of IRC +10420 in our SOFIA/FORCAST images coincides with the general shape of the asymmetric nebulae seen in the visual. Our best-fit DUSTY model indicates a change in the average mass-loss rate, with a high average rate of 2 × 10 −3 M yr −1 from 6000 − 2000 yr ago during its presumed RSG stage, and a lower average rate of 1 × 10 −4 M yr −1 in the past 2000 yr.
ρ Cas: Our new 19.7 − 37.1 µm SOFIA/FORCAST photometry of this yellow hypergiant are consistent with the continued expansion and thinning of the dust shell fitted to the infrared excess observed with IRAS, which was attributed to dust formed as a result of the 1946 eruption. There is no indication of new dust formation from more recent eruptions. Dynamical age of the shell ∆t = r 2 / vexp. For IRC +10420 the average mass-loss rate is computed for two periods over the 6000 yr dynamical age of the shell, with the recent period spanning 2000 yr and the earlier period spanning 4000. See Figure 13b .
d Average mass-loss rate computed using the adopted gas-to-dust mass ratio of 100:1 (see footnote # 6 above). The uncertainty is estimated from the range of optical depths that reproduce the FORCAST 30 − 40 µm fluxes to within ±20%.
